Abstract. We prove a tropical mirror symmetry theorem for descendant GromovWitten invariants of the elliptic curve, generalizing the tropical mirror symmetry theorem for Hurwitz numbers of the elliptic curve in [7] . For the case of the elliptic curve, the tropical version of mirror symmetry holds on a fine level and easily implies the equality of the generating series of descendant Gromov-Witten invariants of the elliptic curve to Feynman integrals. To prove tropical mirror symmetry for elliptic curves, we investigate the bijection between graph covers and sets of monomials contributing to a coefficient in a Feynman integral. We also soup up the traditional approach in mathematical physics to mirror symmetry for the elliptic curve, involving operators on a Fock space, to give a proof of tropical mirror symmetry for Hurwitz numbers of the elliptic curve. In this way, we shed light on the intimate relation between the operator approach on a bosonic Fock space and the tropical approach.
Introduction
Mirror symmetry is a duality relation involving algebraic resp. symplectic varieties and their invariants. Its main motivation comes from string theory, but it is also at the base of many interesting developments in mathematics. We focus on statements relating generating series of Gromov-Witten invariants of a variety X with certain integrals on its mirror X ∨ .
Tropical geometry becomes a new tool to prove such relations, largely due to the well-known Gross-Siebert program, which aims at constructing new mirror pairs and providing an algebraic framework for SYZ-mirror symmetry [18, 19, 30] .
The philosophy how tropical geometry can be exploited is illustrated in the following triangle: In many situations, correspondence theorems relating Gromov-Witten invariants resp. enumerative invariants to their tropical counterparts are known [5, 9, 25, 26] . If we can relate the generating function of tropical invariants to integrals, we obtain a proof of the desired mirror symmetry relation using a detour via tropical geometry [17, 28] .
In [7] , we investigated the triangle above for the case of Hurwitz numbers of the elliptic curve and Feynman integrals. Correspondence Theorems for Hurwitz numbers existed already, tropical Hurwitz numbers essentially count certain decorated graphs. The mirror symmetry relation in this case was known, there is a proof in mathematical physics involving operators on a Fock space.
The tropical approach revealed that the relation holds on an even finer level: tropically, we can relate Feynman integrals and generating series of (labeled) tropical covers graph by graph and order by order. As a consequence, one obtains interesting new quasimodularity statements for graph generating series [16] .
The mirror symmetry theorem (the top arrow) is an easy corollary of the more general tropical version. The tropical mirror symmetry theorem for Hurwitz numbers of the elliptic curve can be viewed as a support for the strategy of the Gross-Siebert program, or more generally for the philosophy of using tropical geometry as a tool in mirror symmetry.
From Okounkov-Pandharipande's Gromov-Witten/Hurwitz (GW/H) correspondence [27] , it is known that Hurwitz numbers are a special case of descendant GromovWitten invariants.
The central result of this article is a general tropical mirror symmetry theorem for elliptic curves, involving descendant Gromov-Witten invariants (Theorem 2.19).
Together with the suitable Correspondence Theorem 2.6 [10] relating tropical descendant Gromov-Witten invariants to their counterparts in algebraic geometry, it can be applied to prove the mirror symmetry theorem for elliptic curves involving descendants (see Theorem 2.15, resp. Theorem 6.1 and Proposition 6.7 in [23] or Theorem 1.2 (2) and Proposition 3.4 in [22] ).
The most important new tool of [7] in the study of mirror symmetry for elliptic curves was a bijection between tropical covers (i.e. the above mentioned decorated graphs) satisfying fixed discrete data and sets of monomials contributing to a coefficient in a Feynman integral (Theorem 2.30, [7] ). For our purpose, we generalize this in two directions, both involving the source curves of the tropical covers in question:
(a) we need to allow vertices of valency different from 3, and (b) we need to allow genus at vertices. The task in (a) is a major extension of the bijection, formulated in Theorem 2.23, and will have further applications. The task in (b) involves the multiplicities with which covers are counted and is more a question of bookkeeping.
The traditional approach to mirror symmetry of an elliptic curve involves operators on Fock spaces. There are two Fock spaces, a fermionic and a bosonic Fock space, and an isomorphism between them called the Boson-Fermion correspondence. The latter is usually viewed as the essence of mirror symmetry. The generating function of Gromov-Witten invariants can be interpreted on the fermionic side, via the correspondence we then obtain an expression in terms of matrix elements on the bosonic Fock space, and the latter can be related to Feynman integrals [20, 22, 23, 27] . We reveal the close connection between the Fock space approach to mirror symmetry of elliptic curves and the new tropical approach.
Here, tropical geometry hands us a shortcut: by passing to tropical Gromov-Witten invariants on the tropical elliptic curve E T , we can directly relate the generating series of Gromov-Witten invariants of the elliptic curve E to a matrix element on the bosonic Fock space (see Figure 1 ), supporting the slogan "tropicalization is bosonification" from [10] , and the intuition underlying the Gross-Siebert program that tropical geometry is a natural language in the context of mirror symmetry.
We soup up the traditional Fock space approach to give an alternative proof of the tropical mirror symmetry relation Theorem 2.19, for simplicity restricting to the case of Hurwitz numbers. The main ingredient is a version of Wick's Theorem which encodes matrix elements in a bosonic Fock space as weighted sums of graphs, which can then directly be related to tropical Hurwitz covers (see Theorem 3.8).
Section 2 focuses on tropical mirror symmetry and its direct proof via a bijection involving graph covers and monomials in a Feynman integral. Again, the fact that tropical mirror symmetry holds on a fine level has interesting implications for graph summands of the generating series of descendant Gromov-Witten invariants. The quasimodularity of these graph summands is shown in Section 2.6 relying on [16] . Section 3 is devoted to the Fock space approach.
2. Tropical mirror symmetry for elliptic curves 2.1. Descendant Gromov-Witten invariants. Gromov-Witten invariants are virtually enumerative intersection numbers on moduli spaces of stable maps. Let E be an elliptic curve. Gromov-Witten invariants of E do not depend on its complex structure. A stable map of degree d from a curve of genus g to E with n markings is a map f : C → E, where C is a connected projective curve with at worst nodal singularities, and with n distinct nonsingular marked points x 1 , . . . , x n ∈ C, such that
and f has a finite group of automorphism. The moduli space of stable maps, denoted M g,n (E, d), is a proper Deligne-Mumford stack of virtual dimension 2g − 2 + n [3, 4] . The ith evaluation morphism is the map ev i :
) is defined by a canonical identification of its fiber over a moduli point (C, x 1 , . . . , x n , f ) with the cotangent space T * x i (C). The first Chern class of the cotangent line bundle is called a psi class
Definition 2.1. Fix g, n, d and let k 1 , . . . , k n be non-negative integers with
The stationary descendant Gromov-Witten invariant τ k 1 (pt) . . . τ kn (pt)
g,n is defined by:
where pt denotes the class of a point in E.
In Section 3, we use degeneration techniques to relate the proof of mirror symmetry for elliptic curves in mathematical physics to the tropical approach. For this purpose, we also need to introduce relative Gromov-Witten invariants: they are constructed using moduli spaces of relative stable maps M g,n (P 1 , µ, ν, d), where part of the data specified are the ramification profiles µ and ν which we fix over 0 resp. ∞ ∈ P 1 . The preimages of 0 and ∞ are marked. A detailed discussion of spaces of relative stable maps to P 1 and their boundary is not necessary for our purpose, we refer to [31] . We use operator notation and denote
One can allow source curves to be disconnected, and introduce disconnected GromovWitten invariants. We will add the superscript • anytime we wish to refer to the disconnected theory.
Remark 2.2. It follows from the GW/H correspondence in [27] that a stationary descendant Gromov-Witten invariant with k i = 1 for all i is a Hurwitz number counting covers of the resp. degree and genus and with n fixed simple branch points.
2.2.
Tropical descendant Gromov-Witten invariants. An abstract tropical curve is a connected metric graph Γ, such that edges leading to leaves (called ends) have infinite length, together with a genus function g : Γ → Z ≥0 with finite support. Locally around a point p, Γ is homeomorphic to a star with r halfrays. The number r is called the valence of the point p and denoted by val(p). We identify the vertex set of Γ as the points where the genus function is nonzero, together with points of valence different from 2. The vertices of valence greater than 1 are called inner vertices.
Besides edges, we introduce the notion of flags of Γ. A flag is a pair (V, e) of a vertex V and an edge e incident to it (V ∈ ∂e). Edges that are not ends are required to have finite length and are referred to as bounded or internal edges. A marked tropical curve is a tropical curve whose leaves are labeled. An isomorphism of a tropical curve is an isometry respecting the leaf markings and the genus function. The genus of a tropical curve Γ is given
A curve of genus 0 is called rational and a curve satisfying g(v) = 0 for all v is called explicit. The combinatorial type is the equivalence class of tropical curves obtained by identifying any two tropical curves which differ only by edge lengths.
A tropical cover π : Γ 1 → Γ 2 is a surjective harmonic map of metric graphs in the sense of [1, Section 2] . The map π is piecewise integer affine linear, the slope of π on a flag or edge e is a nonnegative integer called the expansion factor ω(e) ∈ N.
The expansion factor of e can be 0 only if e is an end. We fix the convention that the ends marked 1, . . . , n are the ones with expansion factor 0.
For a point v ∈ Γ 1 , the local degree of π at v is defined as follows. Choose a flag f adjacent to π(v), and add the expansion factors of all flags f adjacent to v that map to f :
We define the harmonicity or balancing condition to be the fact that for each point v ∈ Γ 1 , the local degree at v is well defined (i.e. independent of the choice of f ). The degree of a tropical cover is the sum over all local degrees of preimages of a point a, d = p →a d p . By the balancing condition, this definition does not depend on the choice of a ∈ Γ 2 . For a flag f of Γ 2 , let µ f be the partition of expansion factors of the flags of Γ 1 mapping onto f . We call µ f the ramification profile above f .
The tropical projective line, P 1 T , equals R ∪ {±∞}, a (nondegenerate) tropical elliptic curve E T is a circle with a fixed length. Definition 2.3 (Psi-and point conditions). We say that a tropical cover π : Γ 1 → Γ 2 with a marked end i satisfies a psi-condition with power k at i, if the vertex V to which the marked end i is adjacent has valency k + 3 − 2g(V ). We say π : Γ 1 → Γ 2 satisfies the point conditions p 1 , . . . , p n ∈ Γ 2 if {π(1), . . . , π(n)} = {p 1 , . . . , p n }.
Fix g, n, d and let k 1 , . . . , k n be non-negative integers with
Let π : Γ → E T be a tropical cover such that Γ is of genus g and has n marked ends. Fix n distinct points p 1 , . . . , p n ∈ E T . Assume that at the marked end i, a psi-condition with power k i is satisfied, and that the point conditions are satisfied. The marked ends must be adjacent to different vertices, since they satisfy different point conditions. It follows from an Euler characteristic argument incorporating the valencies imposed by the psi-conditions that Γ has exactly n vertices, each adjacent to one marked end.
Locally at the marked end i, the cover sends the vertex to an interval consisting of two flags f and f . We define the local vertex multiplicity mult i (π) to be a combinatorial factor times a one-point relative descendant Gromov-Witten invariant:
where g i denotes the genus of the vertex adjacent to the marked end i, d i its local degree, and µ f resp. µ f the ramification profiles above the two flags of the image interval.
We define the multiplicity of π to be
Note that all ends of a tropical cover of E T are contracted ends, with image points the points p i we fix as conditions in E T .
Definition 2.4 (Tropical stationary descendant Gromov-Witten invariant of E T ). For g, n, d, k 1 , . . . , k n as above, define the tropical stationary descendant GromovWitten invariant
to be the weighted count of tropical genus g degree d covers of E T with n marked points satisfying point and psi-conditions as above, each counted with its multiplicity as defined in (2.5).
Note that the metric structure of the source curves of covers contributing to a tropical descendant Gromov-Witten invariant is implicit in the metric data of E T and the chosen point conditions. We can thus neglect length data in the source curve. Example 2.5. As an example, fix three different points p 1 , p 2 , p 3 on E T and let d = 3,
in Figure 2 below. Figure 2 shows schematic representations of the source curves of all covers contributing, where we assume that the top vertex of each such representation is mapped to p 1 , the right vertex is mapped to p 2 and the left one is mapped to p 3 . This convention gives us one choice out of 3! choices of an order of labeled vertices of the source curve mapping to p 1 , p 2 , p 3 on E T . A green number indicates that there is a nonzero genus g i at a vertex i. The other numbers are the weights of the edges that are greater than 1. Note that the valency of a vertex i is given by k i + 3 − 2g i when taking the contracted ends into account. When neglecting marked ends, the underlying graph is either a figure 8 or a loop (see Example 2.12). In each case, every loop is mapped to E T . When we draw a curl in an edge, it means that the edge is mapped once around E T . The multiplicity with which each curve is contributing is give by (2.5). The local multiplicities mult i (π), which are one-point relative descendant Gromov-Witten invariants, can be calculated explicitly using the one-point series (2.9). Each entry of the tabular below corresponds to one source curve of Figure 2 in the obvious way. An entry is the multiplicity of the corresponding cover π, where the first factor equals | Aut(π)| −1 , the second factor equals i mult i (π) and the third factor equals e ω(e).
Summing over all entries and considering the factor 3! yields
Theorem 2.6 (Correspondence Theorem I). A stationary descendant Gromov-Witten invariant of E coincides with its tropical counterpart:
For a proof, see [10] , Theorem 3.2.1. To define tropical relative stationary descendant Gromov-Witten invariants of P 1 T , we fix two partitions µ and ν of the degree d. We consider tropical covers of P 1 T such that the ramification profile over −∞ equals µ and the ramification profile over ∞ equals ν. That is, in addition to the contracted ends that we use to impose point conditions, the source curve Γ has (µ) + (ν) marked ends which map to ±∞ with expansion factors imposed by µ and ν. We assume that a cover π : Γ → P 1 T meets point and psi-conditions as above. Local vertex multiplicities are defined as in Equation (2.4) , and the multiplicity is 6) where the last product goes over the bounded edges e of Γ. Tropical relative stationary descendant Gromov-Witten invariants of P 1 T , µ|τ k 1 (pt) . . . τ kn (pt)|ν
, are defined as counts of tropical covers with the expansion factors of the unmarked ends imposed by µ and ν and satisfying the point and psi-conditions, counted with their multiplicity (see [10] , Definition 3.1.1).
Example 2.7. Choose three different points p 1 , p 2 , p 3 on E T and let d = 3, g = 2, k 1 = 2, k 2 = 0, k 3 = 0 be as in Example 2.5. Let p 0 be a base point on E T such that p 0 , p 1 , p 2 , p 3 are ordered this way on E T . Consider the source curve of a cover π of E T depicted in the upper left corner of Figure 2 and cut it along π −1 (p 0 ). Stretching the cut edges to infinity yields the cover shown below (we let i be mapped to p i ). Note that this is a cover π to P 1 T that contributes to (2, 1)|τ 2 (pt)τ 0 (pt)τ 0 (pt)|(2, 1)
Theorem 2.8 (Correspondence Theorem II). A relative (stationary) descendant Gromov-Witten invariant of P 1 coincides with its tropical counterpart:
For a proof, see [10] , Theorem 3.1.2. Just as before, we can also in the tropical world allow source curves to be disconnected, and add the superscript • in the notation.
Remark 2.9 (Leaking). We can tweak the definition of tropical covers of E T (resp. P 1 T ) satisfying point and psi-conditions as follows: fix a direction for the target curve and specify for each end i of the source curve an integer l i . Change the balancing condition in such a way that for the two flags f 1 and f 2 adjacent to π(i) ∈ {p 1 , . . . , p n } (where we chose the notation to match the direction), the local degrees are not equal but differ by l i :
We call such covers leaky tropical covers. Leaky tropical covers show up as floor diagrams representing counts of tropical curves in toric surfaces (see e.g. [2, 8, 15] ). We introduce them here, since they can be treated in terms of Feynman integrals analogously to their balanced versions.
Feynman integrals.
Definition 2.10 (The propagator and the S-function). We define the propagator as a (formal) series in x and q:
and the S-function as series in z:
We also consider another formal series in q (which should be viewed as the propagator for loop edges):
Definition 2.11 (Feynman graphs). Fix n > 1. A Feynman graph is a (nonmetrized) graph Γ without ends with n vertices which are labeled x 1 , . . . , x n and with labeled edges q 1 , . . . , q r . By convention, we assume that q 1 , . . . , q s are loop edges and q s+1 , . . . , q r are non-loop edges.
We do not fix the number of edges for a Feynman graph, the index r can vary from graph to graph. We always use the letter r for the number of edges in a fixed Feynman graph Γ.
Example 2.12. Recall Example 2.5, where we provided all covers contributing to
. We can label their source curves, turning them into Feynman graphs, see Figure 2 .12.
Definition 2.13 (Feynman integrals). Let Γ be a Feynman graph. Let Ω be an order of the n vertices of Γ. For k > s, denote the vertices adjacent to the (non-loop) edge q k by x k 1 and x k 2 , where we assume
For integers l 1 , . . . , l n , we define the Feynman integral for Γ and Ω to be
and the refined Feynman integral to be
Finally, we set I
where the sum goes over all n! orders of the vertices of Γ, and
If we drop the superscript l 1 , . . . , l n in the notations above, then this stands for l i = 0 for all i.
If we assume |x| < 1 to express the in q constant coefficient of the (non-loop) propagator as the rational function
2 (using geometric series expansion), we can view the series from which we take the x l 1 1 . . . x ln n -Coefficient in the Feynman integral above as a function on a Cartesian product of elliptic curves. If l i = 0 for all i, the Feynman integral then becomes a path integral in complex analysis (see Definition 2.5 and Equation (2.4) in [7] ). Note that using the change of coordinates x = e iπz the (non-loop) propagator has the following nice form
in terms of the Weierstraß-P-function ℘ and the Eisenstein series
Here, σ denotes the sum-of-divisors function σ(d) = m|d m. The variable q above should be considered as a coordinate of the moduli space of elliptic curves, the variable z as the complex coordinate of a fixed elliptic curve. (More precisely, q = e 2iπτ , where τ ∈ C is the parameter in the upper half plane in the well-known definition of the Weierstraß-P-function.)
Definition 2.14 (Feynman integrals with vertex contributions). Let Γ be a Feynman graph, and equip it with an additional genus function g associating a nonnegative integer g i to every vertex x i . Let Ω be an order of the n vertices of Γ. We adapt our notion of propagators from 2.10 and 2.13 to include vertex contributions: for non-loop edges, we set
For loop-edges connecting the vertex x k 1 to itself, we set
We define the Feynman integral with vertex contributions for Γ, g and Ω to be
and the refined Feynman integral with vertex contributions
Again, we set I
where the sum goes over all n! orders of the vertices, and
Also here, dropping the superscript l 1 , . . . , l n refers to the case l i = 0 for all i.
2.4.
(Tropical) mirror symmetry for elliptic curves.
Theorem 2.15 (Mirror symmetry for E).
We can express the series of descendant Gromov-Witten invariants of E in terms of Feynman integrals:
where Γ is a Feynman graph (see Definition 2.11) with a genus function g, such that the vertex x i has genus g i and valency k i + 2 − 2g i , and such that h 1 (Γ) + g i = g, and where we consider automorphisms of unlabeled graphs (ft is the forgetful map that forgets all labels of a Feynman graph Γ, see Definition 2.18) that are required to respect the genus function.
A version of Theorem 2.15 is proved in [23] , Proposition 6.7 (resp. [22] , Proposition 3.4) using the Fock space approach common in mathematical physics to which we relate the tropical approach in Section 3. In our approach, Theorem 2.15 becomes an easy corollary obtained by combining our Tropical mirror symmetry Theorem 2.19 with the Correspondence Theorem 2.6. Example 2.16 (Automorphisms). Consider the middle Feynman graph of Example 2.12, denote it by Γ and let its genus function be g = 0, i.e. there is no genus at the vertices. The automorphisms appearing in Theorem 2.15 are automorphisms respecting the underlying graph structure and the genus function of (Γ, g). In other words, we forget the labels of Γ before determining its automorphisms. In case of Γ as above, the automorphism group is Z 2 × Z 2 × Z 2 , because we can exchange the edges q 1 and q 2 (see Example 2.12) which gives a factor of Z 2 , we can exchange the edges q 3 and q 4 and we can exchange the vertices x 2 and x 3 in such a way that the edge q 1 maps to q 3 and the edge q 2 maps to q 4 , see also the left side of Figure 3 .
In Section 2.6, we deal with unlabeled tropical covers, but with fixed order. That is, we fix which end i maps to which point p j on the elliptic curve. In such a case, on the Feynman integral side, we deal with automorphisms of the underlying Feynman graph with vertex labels (see Corollary 2.27). If we choose (Γ, g) as above, then the automorphism group of the graph with vertex labels is Z 2 × Z 2 since we cannot exchange the vertices x 2 and x 3 anymore, they are now distinguishable (see also the right side of Figure 3 ).
Figure 3. A non-labeled and a partially labeled graph.
Remark 2.17. If k i = 1 for all i, then the valency condition implies that the genus at each vertex is 0 and the vertices are 3-valent. When forming the integral, the in the z i constant coefficient is just 1, so we can neglect the z i and obtain Feynman integrals without vertex contributions in this case.
By Remarks 2.2 and 2.17, the equality in Theorem 2.15 specializes to the wellknown relation involving the generating series of Hurwitz numbers and Feynman graphs, see e.g. [12] , Theorem 9 and [7] , Theorem 2.6.
Using the Correspondence Theorem 2.6, we can formulate a version of the mirror symmetry relation in Theorem 2.15, where instead of the generating function of descendant Gromov-Witten invariants we use the generating function of tropical descendant Gromov-Witten invariants. It turns out however that a finer version of a mirror symmetry relation naturally holds in the tropical world, which uses labeled tropical covers, multidegrees and refined Feynman integrals: Definition 2.18 (Labeled tropical cover). Let π be a tropical cover satisfying given psi-conditions with powers k 1 , . . . , k n and denote the genus of a vertex of the source curve which is adjacent to end i by g i , where g i is given by k i via the psi-conditions (see Definition 2.3). We can shrink the ends of the source curve and label the vertex that used to be adjacent to end i with x i . The cover π is called labeled tropical cover if there is an isomorphism of multigraphs sending a Feynman graph (Γ, g ) with a genus function (see Definition 2.11) to the combinatorial type of the source curve of π, where the ends of the source curve are shrunk, such that g i = g i for all vertices. We say that π is of type Γ.
Shortly, a labeled tropical cover is a tropical cover for which we label the vertices and edges of the source (vertices of different genus are distinguishable) according to a Feynman graph.
We fix a point p 0 ∈ E T . For a labeled tropical cover of E T of type Γ, we introduce its multidegree as the vector a in N r with k-th entry
where ω(q k ) denotes the expansion factor of the edge q k . We define a labeled tropical descendant invariant
as a count of labeled tropical covers of type Γ and with multidegree a satisfying the prescribed point-and psi-conditions, again counted with multiplicity as in Equation (2.5). (Note that there are no nontrivial automorphism for a labeled tropical cover since all edges and vertices are distinguishable by their labeling.)
Fix a Feynman graph Γ such that the vertex x i has valency k i + 2 − 2g i , and record the numbers g i in a genus vector g. Then we can express the series of descendant Gromov-Witten invariants of E T of type Γ in terms of a Feynman integral:
Theorem 2.15 follows from Theorem 2.19 using the Correspondence Theorem 2.6, summing over all Feynman graphs Γ such that h 1 (Γ) + n i=1 g i = g (where the g i are defined by the valencies of the vertices as above), setting the q k equal to q again for all k and keeping track of automorphisms (as in the proof of Theorem 2.14 using Theorem 2.20 in [7] ).
We prove Theorem 2.19 in Section 2.5 using Theorem 2.23, which establishes a bijection between labeled tropical covers contributing to a descendant Gromov-Witten invariant and monomials contributing to a term of the series used for the Feynman integrals.
Example 2.20. Fix g = 2. We want to use Theorem 2.19 to calculate contributions to
for two cases, where in the first case the covers contributing have a source curve with a nonzero genus function and in the second case the source curves have a loop.
First case: we choose a = (0, 0, 3) and Γ as the left Feynman graph of Example 2.12. So Theorem 2.19 tells us that we need to calculate the q 0 1 q 0 2 q 3 3 -coefficient of I Γ,g (q 1 , q 2 , q 3 ) with g = (1, 0, 0). We fix an order Ω, namely the identity as we did in Example 2.5. That is, we require that end i is mapped to the point p i . Notice that the covers contributing to τ 2 (pt)τ 0 (pt)τ 0 (pt)
for Ω as above are the ones corresponding to the entries (2, 2) and (3, 1) as the contribution. We start by calculating terms of the propagators that contribute to the q 0 1 q 0 2 q 3 3 -coefficient (we first let w = 1 for a 3 ) in the product of the propagators such that their product is constant in the x i , i.e. l 1 = l 2 = l 3 = 0,
, q 2 )P ( 24 , which is precisely the first summand of (2. , q 3 )P (
, q 2 )P ( which equals the second summand of (2.7). Second case: we choose a = (2, 0, 0, 1) and Γ as the right Feynman graph of Example 2.12. By Theorem 2.19, we need to calculate the q 2 1 q 0 2 q 0 3 q 1 4 -coefficient of I Γ,g (q 1 , q 2 , q 3 , q 4 ) with g = 0. Again, we pick Ω as the order given by the identity. As before, we calculate the terms of the propagators that contribute to the q 2 1 q 0 2 q 0 3 q 1 4 -coefficient in the product of the propagators such that their product is constant in the x i , i.e. l 1 = l 2 = l 3 = l 4 = 0, and let w = 2 for a 1 , theñ , q 4 )P (
, q 3 )P (
where the constant coefficient in the z i is 2. If we let w = 1 for a 1 , we get 1. This makes 3 in total, which is the number we expect when using the table from Example 2.5 again (entries (1, 1) and (2, 1)).
2.5. The bijection. This subsection is devoted to the proof of the tropical mirror symmetry Theorem 2.19. The main ingredient is a bijection of graph covers and monomials contributing to a Feynman integral.
Definition 2.21 (Graph covers of fixed order and multidegree). Let Γ be a Feynman graph (see Definition 2.11). Fix a multidegree a and an order Ω. We can view Ω as an element in the symmetric group on n elements, associating to i the place Ω(i) that the vertex x i takes in the order Ω.
Fix an orientation of E T and points p 0 , p 1 , . . . , p n ordered in this way when going around E T in the fixed orientation starting at p 0 .
A graph cover of type Γ, order Ω and multidegree a is a (possibly leaky w.r.t. (l 1 , . . . , l n ), see Remark 2.9) tropical cover π : Γ → E T , where Γ is a metrization of Γ, such that the multidegree of π at p 0 is a and such that π −1 (p Ω(i) ) contains x i . (Since there are n point conditions and n vertices, it follows that there is precisely one vertex of Γ in each preimage π −1 (p j )).)
We define N l 1 ,...,ln Γ,a,Ω to be the weighted count of (l 1 , . . . , l n )-leaky graph covers of type Γ, order Ω and multidegree a, where we count each with the product of the expansion factors of the edges.
If there is no mentioning of l 1 , . . . , l n , we refer to the case of no leaking as usual.
Lemma 2.22 (Graph covers and labeled tropical covers). Fix g ≥ 2, n ≥ 1 and k 1 , . . . , k n ≥ 1 satisfying k 1 + . . . + k n = 2g − 2. Let Γ be a Feynman graph. Fix a multidegree a and an order Ω. Assume that for each vertex
Then there is a bijection between graph covers of type Γ, order Ω and multidegree a and labeled tropical covers π : Γ → E T contributing to
and satisfying π(i) = p Ω(i) .
Proof. Let π : Γ → E T be such a labeled tropical cover. We can describe the bijection as the map sending π to a graph coverπ by shrinking marked ends of Γ , labeling the vertex that used to be adjacent to end i by x i , and forgetting the genus at vertices. By definition of τ k 1 (pt) . . . τ kn (pt) E,a,trop Γ,n , the graph cover is of type Γ. The multidegree is the same for the tropical cover and the graph cover. The set π −1 (p Ω(i) ) contains x i , since the marked end i is mapped to p Ω(i) by π. The inverse map associates the genus
to the vertex x i (which is an integer by our assumption), and attaches the end marked i. Then the valence is k i + 3 − 2g i and the psi-condition is satisfied. Theorem 2.23 (Bijection of graph covers and tuples in Feynman integrals). Let Γ be a Feynman graph as in Definition 2.11. Fix a multidegree a satisfying a k > 0 for all k ≤ s, an order Ω, and integers l 1 , . . . , l n . As in Definition 2.13, we use the notation x k 1 and x k 2 for the two vertices adjacent to the edge q k , where we assume
There is a bijection between (l 1 , . . . , l n )-leaky graph covers of type Γ, order Ω and multidegree a, and tuples Proof of Theorem 2.23. Given a tuple as in (2.8), we construct a graph cover as follows. We keep track of the cover by drawing the vertices and edges projecting onto their images. To ease the drawing, we think of E T as being cut off at p 0 (see Example 2.7).
We start by drawing vertices x i above the points p Ω(i) in E T . For k > s and for an entry w k · x k i x k j w k , we draw an edge with expansion factor w k connecting vertex x k i to vertex x k j . If a k = 0, we draw this edge in our cut picture direct, without passing over p 0 . If a k > 0, we "curl it", passing over p 0 a k w k times before it reaches its end vertex.
We assume in our tuple that i = 1 and j = 2 if a k = 0. By Definition 2.13, x k 1 < x k 2 in Ω, which implies that in our picture, the vertex x k 1 is drawn before x k 2 (in the orientation of E T ), which makes it possible to draw the edge q k directly without passing p 0 .
Since w k divides a k , it is possible to "curl" the edges q k with a k > 0 as required. For k ≤ s and an entry w k , we draw a loop-edge of weight w k connecting the vertex of q k to itself, "curled" over p 0 a k w k times. In the drawing we created for the tuple (2.8), we have obviously drawn a graph cover with source curve of type Γ, since we connected the vertices x k 1 and x k 2 with the edge q k . Furthermore, the multidegree is a because of our curling requirement. The order Ω is respected by the way we have drawn the vertices. It remains to show that the graph cover is (l 1 , . . . , l n )-leaky. To see this, notice that the edges adjacent to vertex x i correspond to tuples whose fraction contains a power of x i , and that the exponent equals ± the expansion factor of the edge, where the sign is positive if the edge leaves x i and negative if it enters x i (w.r.t. the orientation of E T ). Since we require the total power in x i to be l i , the cover leaks l i at vertex x i .
Clearly, the process can be reversed associating a tuple to a graph cover, and using the same arguments as before, the tuple satisfies the requirements from above. In particular, the entry a k of the multidegree of a cover with a loop-edge q k is nonzero. Thus, we have a bijection between graph covers and tuples.
The equality follows from Remark 2.24, taking into account that a graph cover is counted with multiplicity the product of its expansion factors (which are the w i ) in N l 1 ,...,ln Γ,a,Ω .
Example 2.25. We illustrate the proof of Theorem 2.23 by constructing a graph cover from a given tuple as in (2.8). We let Γ be the right graph of Example 2.12, Ω the identity, and l i = 0 for all i. We choose the tuple
and the order Ω given by the identity. Note that this tuple is not leaky. See Figure  4 for the following: We start by drawing the vertices x 1 , x 2 , x 3 above p 1 , p 2 , p 3 . After that we add the non-curled edges q 3 , q 4 which are given by the third and fourth entry of our tuple above. The edge q 2 is obtained by starting at x 1 and going left (we have a negative exponent in the second entry of our tuple), curling once (we want to pass p 0 twice with q 2 ) and ending at x 3 . There is also one loop edge (the first entry of the tuple) adjacent to x 1 which does not curl. Since all weights of edges are 1, we can also see from the graph that it is not leaky as we expected. The upper graph in Figure 4 inherits a metrization from downstairs. Thus we obtain a graph cover. Figure 4 . A graph cover constructed from a tuple. Note that this graph cover arises from cutting (and labeling) the upper right source curve in Figure 2 along the preimages of a point p 0 (see also Example 2.7).
As we have seen in Lemma 2.22, graph covers are closely related to tropical covers showing up in a tropical descendant Gromov-Witten invariant. However, the multiplicity of a tropical cover contains, besides the expansion factors for edges which already appear in the bijection in Theorem 2.23, also factors for each vertex which can be viewed as local descendant Gromov-Witten invariants (see Equation (2.4) ). The need to take these into account takes us to Feynman integrals with vertex contributions (see Definition 2.14).
We use Okounkov-Pandharipande's one-point series, i.e. the following nice form for the generating series of relative one-point descendant Gromov-Witten invariants, resp. for the local vertex multiplicities of tropical covers satisfying point and psi-conditions: g≥0 µ|τ 2g−2+ (µ)+ (ν) (pt)|ν
Here, the S-function is as in Definition 2.10, and the product goes over all entries µ i resp. ν i of the two fixed partitions (see Theorem 2, [27] , note that we consider Gromov-Witten invariants with the preimages of 0 and ∞ marked). Note that the S-function is an even function (i.e. S(−z) = S(z)), since sinh is an odd function and quotients of odd functions are even.
Proof of Theorem 2.19. We prove the equality by restricting to the q , we obtain for each vertex x i a contribution of
. Here, the notation is set up as follows: we collect the expansion factors of all incoming edges adjacent to x i in the partition µ and those of all outgoing edges in the partition ν. Taking the z 2g i i -coefficient, we obtain a local vertex contribution of
by the one-point series from Equation (2.9). By Equation (2.4), this is exactly the local vertex multiplicity we need to take into account for the labeled tropical cover. [7] ). As we saw in Remarks 2.2 and 2.17, in the version for Hurwitz numbers, we only have to take 3-valent graphs such that all vertices have genus 0 into account. Adding in descendants requires us to generalize in two ways: we need to include graphs whose vertices have other valencies, and whose vertices have genus. The main ingredient in our proof of tropical mirror symmetry is the bijection between graph covers and monomials contributing to a Feynman integral, see Theorem 2.23. Graphs with vertices of valence bigger 3 fit into this context. The genus at vertices requires us to use local vertex multiplicities for the tropical covers, which are hard to translate to the Feynman integral world. The fact that the one-point series (2.9) can be expressed in a way separating contributions for the edges adjacent to a vertex makes it possible to incorporate these multiplicities in a Feynman integral with vertex contributions as in Definition 2.14.
2.6. Quasimodularity. In the case that all k i = 1, the Mirror symmetry Theorem 2.15 specializes to the well-known relation involving the generating series of Hurwitz numbers and Feynman integrals for 3-valent graphs without vertex contributions (see Remark 2.17) . This special case of the mirror symmetry relation was used in [12, 21] to prove that the generating function of Hurwitz numbers for g ≥ 2 is a quasimodular form of weight 6g −6. Quasimodularity of generating functions of covers is a phenomenon studied beyond the case considered here, other important cases are generating functions of pillowcase covers [13] or generating functions of numbers of covers of an elliptic curve with fixed ramifications with respect to the parity of the pullback of the trivial theta characteristic [14] .
Quasimodularity behaviour is desirable because it controls the asymptotic of the generating function. A series in q is quasimodular if and only if it is in the polynomial ring generated by the three Eisenstein series E 2 , E 4 and E 6 [21] . The weight of a quasimodular form refers to its degree when viewed as a polynomial in the Eisenstein series. A series is called a quasimodular form of weight w if it is a homogeneous polynomial of degree w in the Eisenstein series, and it is called a quasimodular form of mixed weight if it is a non-homogeneous polynomial in the Eisenstein series.
From the Tropical mirror symmetry Theorem 2.19, the generating function of descendant Gromov-Witten invariants of an elliptic curve obtains a natural stratification as sum over Feynman graphs, and, even finer, as sum over orders Ω for each Feynman graph (see Corollary 2.27). If we fix a Feynman graph Γ and a suitable genus function g -if k i = 1 for all i, this means we fix a 3-valent graph with genus 0 at each vertex -we can study quasimodularity of individual summands. We can consider summands I Γ,g (q), or we can even break the sum into finer contributions by considering I Γ,g,Ω (q) for a fixed order Ω.
For the case that k i = 1 for all i, this study was initiated in [7] , where it is conjectured that I Γ,g (q) is quasimodular of weight 6g − 6. In [16] , Goujard and Möller provide tools to study quasimodularity of generating series depending on Feynman graphs, and they prove that if k i = 1 for all i, each summand I Γ,g,Ω (q) is a quasimodular form of mixed weight, where the highest appearing weight is 6g − 6. They also compute examples where lower weights appear. Since the whole sum (over all graphs, and over all orders) is quasimodular of weight 6g − 6, the contributions of lower weights must cancel in the sum. It remains an open question whether they already cancel in a summand I Γ,g (q), i.e. when we sum over all orders Ω, but for a fixed graph Γ.
In this section, we deduce from [16] that I Γ,g,Ω (q) is a quasimodular form of mixed weight also in the case of arbitrary k i . Also in the case of arbitrary k i , quasimodularity (of mixed weight) of the whole generating series (the sum over all graphs, and all orders) was studied before [24] . First, we interpret I Γ,g,Ω (q) as a generating function of tropical covers: Corollary 2.27. Fix g ≥ 2, n ≥ 1 and k 1 , . . . , k n ≥ 1 satisfying k 1 + . . . + k n = 2g − 2. Fix a Feynman graph Γ such that the vertex x i has valency k i + 2 − 2g i with g i ∈ N, and record the numbers g i in the genus function g. Fix an order Ω.
denote the number of (unlabeled) tropical covers (counted with multiplicity) contributing to τ k 1 (pt) . . . τ kn (pt)
, for which the source curve has combinatorial type Γ after shrinking the ends and satisfying
Then we can express the generating function of these invariants in terms of the Feynman integral
where ft edge is the map that forgets the edge labels of a Feynman graph, and automorphisms respect the remaining vertex labels and the genus function (see Example 2.16).
Proof. Consider Theorem 2.19 and let q 1 = · · · = q r = q. With a similar argument as we use to deduce Theorem 2.15 from Theorem 2.19, we also obtain an automorphism factor here. Fixing the order leads to labels on the vertices of the source curves, i.e. we need to consider automorphisms which respect partially labeled graphs as in Example 2.16.
Example 2.28. We want to express I Γ,g,Ω (q) as polynomial in the Eisenstein series, where Ω is the identity, g = (0, 0, 0) or g = (1, 0, 0) and Γ is any Feynman graph as shown in Example 2.12. So this example is a continuation of Examples 2.5 and 2.20. First, let Γ 1 be the left Feynman graph of Example 2.12 and let g 1 = (1, 0, 0). We calculate that
Notice that I Γ 1 ,g 1 ,Ω is of of mixed weight since E 6 and E 2 E 6 are of different weight.
Recall that we calculated 115 6 as contribution to the q 3 -coefficient. The other covers contributing are shown in Figure 2 of Example 2.5 and are the ones corresponding to the following entries of the table of Example 2.5: (2, 3), (2, 4), (2, 5) , (3, 2) , (3, 3) , (4, 1), (4, 2), (4, 3) . Each of these covers contributes with 1 24 such that in total we expect (see Corollary 2.27)
which matches our calculation. Second, we choose Γ 2 to be the right Feynman graph of Example 2.12 and let g 2 = 0. We calculate that
Notice that, again, I Γ 2 ,g 2 ,Ω is of mixed weight, but I Γ 1 ,g 1 ,Ω + I Γ 2 ,g 2 ,Ω is homogeneous.
As above, we can verify the q 3 -coefficient using Example 2.5.
Third, we choose Γ 3 to be the middle Feynman graph of Example 2.12 and let g 3 = 0. In this case, we obtain the homogeneous expression where the factor 4 in the last row is due to the automorphisms of the underlying Feynman graph, see Corollary 2.27. Again, we can verify the q 3 -coefficient using Example 2.5.
Corollary 2.29. Fix g, n and k 1 , . . . , k n with k 1 + . . . + k n = 2g − 2. Let Γ be a Feynman graph with r edges (see Definition 2.11) and g a genus function satisfying
of type Γ and order Ω, see Corollary 2.27 -is a quasimodular form of mixed weight, with highest occuring weight 2 · (r + n i=1 g i ).
Proof. This follows from Theorem 6.1 in [16] , since the local vertex contributions we have to take into account for a vertex x i is polynomial of even degree 2g i in the expansion factors of the adjacent edges by Theorem 4.1 in [16] (see [27] , [29] ).
This statement is essentially a byproduct of Corollary 6.2 in [16] which states that the generating series of tropical covers with fixed ramification profiles (see [11] , Definition 2.1.3) and with fixed underlying graph Γ and order Ω is a quasimodular form of mixed weight. The proof in [16] detours by deducing the quasimodularity of the function above from the quasimodularity of our I Γ,g,Ω (q) (without explicitely stating this). The descendant Gromov-Witten invariants we focus on here are called Hurwitz numbers with completed cycles in [16] , which is explained by the OkounkovPandharipande GW/H correspondence in [27] , see also [29] .
Tropical mirror symmetry and the Boson-Fermion correspondence
The purpose of this section is to reveal the close relation between the proof of Theorem 2.15 in mathematical physics, using Fock spaces, and our tropical approach. Since the tropical setting requires a labeling of the underlying Feynman graphs and the use of the variables q 1 , . . . , q r to distinguish degree contributions from the different edges, we enrich the Fock space approach by incorporating adequate labelings. This enlarges the set of operators, but makes it easier to distinguish contributions for a fixed Feynman graph to a matrix element. In this way, we extend the Fock space approach so that it gives an alternative proof of the tropical mirror symmetry Theorem 2.19, which holds on a finer level. Our main ingredient is Theorem 3.8, proving the equality of the number of labeled tropical covers with fixed underlying source graph, fixed multidegree and order and a sum of matrix elements in a bosonic Fock space.
For the sake of explicitness, we limit our considerations to the case of Hurwitz numbers, i.e. k i = 1 for all i, and we do not have vertex contributions for Feynman integrals (see 2.2 and 2.17). In particular, all our graphs are 3-valent, have no loops and genus 0 at vertices. Higher descendants resp. vertex contributions can be incorporated into our discussion also, but would increase the amount of notation largely -we would have to consider more summands for a bosonic vertex operator, and the tropical local vertex multiplicities would have to show up as coefficients of the bosonic vertex operator [10] .
As shown in Figure 1 , tropical geometry hands us a short-cut in the Fock space setting: we can relate the generating series of Hurwitz numbers directly to operators on the bosonic Fock space and do not need to envoke the fermionic Fock space and the Boson-Fermion Correspondence, which is often viewed as the essence of mirror symmetry for elliptic curves.
3.1. Hurwitz numbers as matrix elements. We begin by shortly reviewing the bosonic Fock space approach for generating series of Hurwitz numbers.
The bosonic Heisenberg algebra H is the Lie algebra with basis α n , n ∈ Z \ {0} satisfying commutator relations 
We define an inner product on F by declaring v ∅ |v ∅ = 1 and α n to be the adjoint of α −n .
We write v|A|w for v|Aw , where v, w ∈ F and the operator A is a product of elements in H, and A for v ∅ |A|v ∅ . The first is called a matrix element, the second a vacuum expectation.
Definition 3.1. The cut-join operator is defined by:
The relative invariants of P 1 can be interpreted as a matrix element involving M (notice that the invariants in questions are equal to double Hurwitz numbers by Okounkov-Pandharipande's GW/H correspondence [27] ): Proposition 3.2. A relative Gromov-Witten invariant of P 1 , resp. a double Hurwitz number, equals a matrix element on the bosonic Fock space:
This statement follows by combining Wick's Theorem with the Correspondence Theorem 2.8: Wick's Theorem (Theorem 5.4.3 [10] , Proposition 5.2 [6] , [32] ) expresses a matrix element as a weighted count of graphs that are obtained by completing local pictures. It turns out that the graphs in question are exactly the tropical covers we enumerate to obtain µ|τ 1 (pt) n |ν
, where n! arises from fixing a set of points to which labeled ends are mapped to (rather than prescribing a point a labeled end should map to, see Definition 2.3).
Notice that we have to use the disconnected theory here (•), since the matrix element encodes all graphs completing the local pictures and cannot distinguish connected and disconnected graphs.
The local pictures are built as follows: we draw one vertex for each cut-join operator. For an α n with n > 0, we draw an edge germ of weight n pointing to the right. If n < 0, we draw an edge germ of weight n pointing to the left. For the two Fock space elements b µ and b ν , we draw germs of ends: of weights µ i on the left pointing to the right, of weights ν i on the right pointing to the left. Wick's Theorem states that the matrix element b µ |M n |b ν equals a sum of graphs completing all possible local pictures, where each graph contributes the product of the weights of all its edges (including the ends). A completion of the local pictures can be interpreted as a tropical cover of P 1 T (with suitable metrization). The cut-join operator sums over all the possibilities of the local pictures for the graphs, i.e. it sums over all possibilities how a vertex of a tropical cover can look like (see Figure 5 ). The completed graphs are shown in Figure 6 . The product of the upper graph's edge weights (including the ends) is 12, 4 for the middle graph and 4 for the lower graph. Hence Wick's Theorem and Proposition 3.2 yield (2, 1)|τ 1 (pt) 2 |(2, 1)
where we have to divide the last summand by two because there is an automorphism exchanging the two edges that connect the vertices in the lower graph of Figure 6 . Combining Proposition 3.2 with a degeneration argument, we can express GromovWitten invariants, resp. Hurwitz numbers of the elliptic curve in terms of matrix elements: Proposition 3.4. A Hurwitz number of the elliptic curve equals a weighted sum of double Hurwitz numbers of P 1 :
Here, the sum goes over all partitions µ of d, µ i denotes their entries, and (µ) the length.
Corollary 3.5. A Hurwitz number of the elliptic curve E equals a sum of matrix elements on the bosonic Fock space:
Proposition 3.4 is a corollary from the two Correspondence Theorems 2.6 and 2.8: given a tropical cover of E T , let µ be the partition encoding the weights of the edges mapping to the base point p 0 . We mark the preimages of p 0 , for which we have | Aut(µ)| choices. For each choice, we cut off E T at p 0 and the covering curve at the preimages of p 0 , obtaining a cover of P 1 T with ramification profiles µ and µ above ±∞. The cut off tropical cover contributes to µ|τ 1 (pt) n |µ
, but its multiplicity differs from the multiplicity of the cover of E T by a factor of µ i , since the edges we cut off are no longer bounded. Example 3.6. We want to calculate τ 1 (pt) 2 E,3,• 2,2 using Corollary 3.5 and Wick's Theorem. The partitions of 3 are (1, 1, 1), (2, 1) and (3). The summand of (2, 1) follows from Example 3.3, namely 9 · 2 = 18. The figure below shows how to complete the local pieces given by the partitions (1, 1, 1) and (3). Note that there are in fact 9 choices of how to complete the local pieces of (1, 1, 1) since we can choose which ends (in the upper graph) the straight line should connect. Thus the upper graphs contribute (9 of them) 2! · Fix a Feynman graph Γ, a multidegree a and an order Ω. Remember that Γ is a 3-valent connected graph with first Betti number g, because of our restriction that k i = 1 for all i. In particular, Γ has no loops.
Our expression for N Γ,a,Ω in terms of matrix elements (see Theorem 3.8 below) involves a sum over all tuples (w k ) k:a k >0 with w k |a k for all k with a k > 0, since we incorporate the degeneration idea from above.
For a fixed choice of (w k ) k , let Γ be the graph obtained from Γ by cutting the edge q k exactly a k w k times. We introduce the following labels for the (cut) edges of Γ : we denote the pieces by q k,1 , . . . , q k, a k w k +1 . There are at most a k + 1 pieces, depending on w k . For an edge which is not cut, i.e. a k = 0, we call it q k,1 to consistently have two indices for the edge labels in Γ .
We enlarge our set of operators in a way that allows to distinguish the edges of the cut graph Γ :
Let the α k,j n , for each k = 1, . . . , r, j = 1, . . . , a k + 1, and n ∈ Z \ {0}, satisfy the commutator relations
As before, we let the bosonic Fock space F be generated by v ∅ , following the rules from before: α k,j n · v ∅ = 0 for n > 0, and the operators with negative subscript act freely. We let v ∅ |v ∅ = 1 and α k,j n the adjoint of α k,j −n . The labeled cut-join operator for the vertex x i is
Since the first superscript differs for the α-operators in a summand, the commutator relations imply that these factors can be permuted within a summand without changing the cut-join operator.
This operator sums over all possibilities of how, locally, a vertex with its adjacent edge germs can be arranged, as shown in Figure 8 . Notice that, compared to the (unlabeled) cut-join operator, we do not need a factor of 1 2 which had to be there to take automorphisms into account resp. to undo overcounting by distinguishing edges which are not distinguishable. Here, all edges are labeled and thus distingushable. 
Proof. We use Wick's Theorem: the right hand side is a sum over all possible ways to combine the local pictures given by the cut-join operators to a graph Γ that covers To produce a tropical cover of E T , we glue Γ as follows: for all k and for i = 1, . . . , a k w k , the leaf of q k,i over −∞ is attached to the leaf of q k,i+1 over ∞. Identifying the edges q k 1 , . . . , q k, a k w k +1 (which are subdivided by 2-valent vertices obtained from gluing) to one edge q k , we obtain a graph cover of E T of type Γ which is of the right order and multidegree: the order is imposed by the order in which we multiply the cut-join operators, the multidegree is given by the "curls" of the edge q k , which has weight w k and which is curled a k w k times by our way of gluing. Obviously, each tropical cover of type Γ and multidegree a with order Ω can be obtained by gluing a graph Γ that arises with Wick's Theorem from the right hand side.
On the right hand side, a graph Γ that we produce with Wick's Theorem contributes with the product of the weights of all edges which are connected, including the ends. For an edge q k (which is cut into w a k w k +1 k pieces in Γ ) with a k > 0, we thus obtain a factor of w a k w k +1 k , where we actually only want w k for the tropical multiplicity. This is taken care of by the pre-factor before the summands on the right. Example 3.9. Fix the multidegree a = (2, 1, 0), an order Ω on the vertices x 1 , x 2 such that x 1 < x 2 and the following Feynman graph:
Fix points p 1 , p 2 on E T . We obtain a labeled tropical cover of P 1 T that can be glued to a cover of E T of type Γ by choosing local pieces (see Figure 8) .
Notice that there are two choices of the expansion factor w 1 , namely w 1 = 1 or w 1 = 2. We start with w 1 = 2 and obtain the following source curve of a tropical cover to P 1 T , where the local pieces are indicated by boxes. Note that these two graphs are labeled version of the middle graph of Figure 6 and the upper graph of Figure 7 . However, we do not get all graphs of Examples 3.3 and 3.6 since we fixed Γ. For this purpose, we introduce formal variables for our vertices in the labeled cutjoin operators: i .
Here, we treat the cut-join operators as formal series in x 1 , . . . , x n . With this, we can rewrite the equation of Theorem 3.8 as follows:
(3.2) Each matrix element on the right hand side is now a series in x 1 , . . . , x n when evaluated.
Lemma 3.11. Fix Γ, a and Ω as above. The matrix elements of Equation (3.2), viewed as series in x 1 , . . . , x n equals the following product:
Here, x k 1 and x k 2 denote the vertices adjacent to the edge q k , where in the order Ω we have x k 1 < x k 2 .
Proof. Let q k be an edge with a k = 0. Since a k = 0, an α with first superscript k does not show up in the vectors of the matrix element, only in the labeled cut-join operators. Also, the second superscript must be 1, and it appears for exactly two cut-join operators, namely the one for x k 1 and the one for x k 2 . Thus, we draw an edge germ labeled q k,1 at x k 1 and an edge germ labeled q k,1 at x k 2 . These are the only edge germs with this label. To obtain a nonzero contribution to the matrix element, the edge germ at x k 1 must point to the right and the one at x k 2 must point to the left. Furthermore, they must have the same weight w k . There is no restriction on the weight w k . (The balancing condition is imposed only after we take the x 0· x −w k k 2 , which, after applying the commutator relation and simplifying becomes w k ·
We have treated the sum of matrix elements as a weighted sum of graphs. Any nonzero summand must have an edge connecting the edge germs above, and it can be of any weight. More precisely, if we have a graph with such an edge of a certain weight, we also have all summands that correspond to the same graph, but with the weight of the edge varying. Thus, we can pull out a factor
for the edge q k . Let us now consider an edge q k with a k > 0. The matrix elements on the left are summed over all w k |a k . For the local pictures, we draw end germs of weight w k on the left pointing to the right, with labels q k,1 , . . . , q k, a k w k , and on the right, pointing to the left, with labels q k,2 , . . . , q k, a k w k +1 . We use the commutator relations for the α in charge of connecting the "curls" q k,2 , . . . , q k, a k w k , they produce a factor of w k which is cancelled by the pre-factor. The edge germ q k,1 must be connected to an edge germ appearing in a cut-join operator, that can be either M (x k 1 ) or M (x k 2 ). The edge germ q k, a k w k +1 must also be connected to an edge germ of a cut-join operator, necessarily the other on in the choice of M (x k 1 ) or M (x k 2 ). Thus, we either have
(notice the subscript changes sign when we let factors jump in the scalar product, by convention of the adjoints). Taking the commutator relations into account, and realizing that one factor of w k is again cancelled by the pre-factor, we obtain either w k · (
